Differently from correlation of classical systems, entanglement of quantum systems cannot be distributed at will -if one system A is maximally entangled with another system B, it cannot be entangled at all to a third system C. This concept, known as the monogamy of entanglement, manifests when the entanglement of A with a pair BC, can be divided as contributions of entanglement between A and B and A and C, plus a term τABC involving genuine tripartite entanglement and so expected to be always positive. A very important measure in Quantum Information Theory, the Entanglement of Formation (EOF), fails to satisfy this last requirement. Here we present the reasons for that and show a set of conditions that an arbitrary pure tripartite state must satisfy for EOF to become a monogamous measure, ie, for τABC ≥ 0. The relation derived is connected to the discrepancy between quantum and classical correlations, being τABC negative whenever the quantum correlation prevails over the classical one. This result is employed to elucidate features of the distribution of entanglement during a dynamical evolution. It also helps to relate all monogamous instances of EOF to the Squashed Entanglement, an always monogamous entanglement measure.
INTRODUCTION
Monogamy of an entanglement measure E asserts that, in a tripartite A, B and C system, the entanglement of A with BC can be divided as E A|BC = E A|B + E A|C + τ ABC , where E A|i , i = B, C, is a bipartite entanglement and E ABC is a genuine tripartite entanglement. In that sense, differently from correlation in classical systems, there is a tradeoff between the amount of bipartite entanglement A can share with B and C. About ten years ago Coffman, Kundu and Wootters (CKW) [1] derived a monogamous relation for the squared concurrence and defined the genuine tripartite entanglement as tangle (hereafter called concurrence tangle) [1] ,
AC , where C 2 ij is the square of the concurrence between the pair i and j. The concurrence tangle is always positive for a three-qubit system [1] and for multiqubit systems [2] . However, it is noticed that a similar analysis made with the EOF would give a tangle that can be positive or negative (hereafter we call this tangle as the EOF tangle). Although there are some instances in which EOF could be distributed in a monogamous fashion, it is known that it is not, in general, a necessarily monogamous entanglement measure (See a more complete discussion in Refs. [3] [4] [5] ). This is puzzling, since the EOF satisfies many of the axioms required for a good entanglement measure and, further, has a clear operational meaning [6] . So why is the EOF tangle negative or positive?
In fact it is now known that entanglement is not the only form of quantum correlations, since there are instances where a state which is separable (not entangled) still possesses a sort of correlation which can be used to perform certain tasks more efficiently than with classical correlation only. It is not surprising though that both forms of quantum correlations can be related to each other through extended system [7] distribution formulas. For example, it is possible to describe a conservation relation [8] for distribution of EOF and Quantum Discord (QD), a measure of quantum correlation -for an arbitrary tripartite pure system, the sum of the QD of a chosen partition, given measurements on the complementary partitions, must be equal to the sum of the pairwise Entanglement of Formation (EOF) between the chosen partition and the complementary ones. Surprisingly, the sum of the pairwise EOF appears in a quite similar fashion to the desired expression for the socalled monogamy of entanglement, and the relation obtained can be connected to the way that classical correlations [10, 11] are distributed [9] .
Until few years ago, the conjecture that the classical correlation would always be greater than the quantum correlation for any quantum state was broadly accepted [10, 11] . In 2009, Maziero et. al [12] presented the first counterexample to this conjecture, while studying the dissipative dynamics for two qubits. Despite their findings, the balance between classical and quantum correlation has never been connected to any quantum measure or protocol. In this paper, we show necessary and sufficient conditions for the monogamy of EOF to be established with the help of a general quantum correlation measure, the QD, and identify the EOF tangle for an arbitrary tripartite state as the difference between classical and quantum correlations. To the best of our knowledge, it is the first time that the balance between classical and quantum correlation is shown to be crucial to understand this important open problem. For that we develop an operational interpretation to the EOF tangle as a measure of the quantum and the classical correlations unbalance, here called correlation discrepancy. Specific bounds are given in terms of conditional entropies, and the general results are discussed through examples for states in 2 × 2 × 2 and 2 × 2 × N -dimensional Hilbert spaces. Moreover, the monogamic relation for the EOF helps arXiv:1110.1054v2 [quant-ph] 25 Jan 2012 to understand when this measure of entanglement is connected with the Squashed Entanglement [18] . We give in a simple picture an interesting connection of monogamic instances of both EOF and QD with the Squashed Entanglement for arbitrarily tripartite mixed states. The paper is divided as follows. In Sec. II we derive the main relations for understanding the monogamic instances of the EOF. In Sec. III we extend the EOF tangle to a permutation invariant form and derive some important results for classes of states in 2 × 2 × 2 and for 2 × 2 × N -dimensional Hilbert space in general. In Sec. IV we employ the results to understand the interplay of bipartite and multipartite entanglement in the sudden death of entanglement phenomenon. In Sec. V we sketch an extension for arbitrarily mixed states and show how monogamic instances of the EOF are connected to the Squashed Entanglement. Finally in Sec. VI a discussion encloses the paper.
CONDITIONS FOR MONOGAMY OF EOF
Although there is a common sense that correlation of classical systems can be distributed at will [1] , a direct quantification of that is necessary. When thinking of correlation between two stochastic variables, X and Y , the mutual entropy
is the optimal measure. It turns out that the mutual information is not always subadditive, i.e., H(X : Y, Z) ≤ H(X : Y ) + H(X : Z). But now let us suppose that we can increase H(X : Y ) to be maximal (with
and so is increased linearly with H(X : Y ), being only constrained by H(X : Z) ≤ H(X : Y ). When extended to quantum system, in terms of the von Neumann entropy, the mutual information writes S(A : B) ≡ I AB = S A + S B − S AB and the best we can do to infer on the distributon of correlation is to write S(A : C) = S(A : B) + S(A|B) − S(A|C), with surprising consequences, since the conditional entropy can be negative whenever there is some entanglement in the parties involved. For, example if the joint system ABC is pure, then S(A : C) = S(A : B) + 2S(A|B) = S(A : B) − 2S(A|C). Also S(A : B, C) ≤ S(A : B)+S(A : C), being nonetheless additive if ABC is pure. The mutual information quantifies both classical and quantum correlation.
In a different point of view, the classical correlation [10, 13] in a quantum state can be captured by
where S A|k is the conditional entropy after a measurement in B. Explicitly S A|k ≡ S(ρ A|k ), where
is the reduced state of A after the outcome k in B and {Π k } is a complete set of positive operator valued measurement resulting in the outcome k with probability p k . Since a measurement might give different results depending on the basis choice, a maximization over
AB is the maximal locally accessible mutual information, or the maximum amount of AB mutual information that one can get by only performing local measurement on B [15] . On the other hand, quantum discord, as a measure of quantum correlation, gives the amount of locally inaccessible mutual information, and so it is simply defined as
The equation above gives the amount of information that is not locally accessible by measurements on B [15] . It is important to emphasize that the quantum discord is asymmetric, since the amount of locally inaccessible information for B can be different from the locally inaccessible information for A. This means that generally δ
BA . Since I AB can be regarded as the mutual information previous to a measurement, while J ← AB is the mutual information accessed by local measurements in B, we can identify δ ← AB as a measure on how much a state ρ AB is affected by local measurements on B.
It is also convenient to define a new quantity measuring the quantum and the classical correlations unbalance, or the correlation discrepancy, or simply discrepancy as
This new measure has the advantage of having a clear meaning -It is the balance between the locally accessible mutual information and the locally inaccessible mutual information [9] . Similarly to quantum discord and classical correlation, the discrepancy is an asymmetric quantity and, contrarily to the formers, it can be negative or positive. Actually, if ∆ ← AB > 0 the amount of classical correlation is larger than the quantum one, and vice versa. The discrepancy is bounded by the mutual information as −I AB ≤ ∆ ← AB ≤ I AB . Moreover, discrepancy is strictly zero if the bipartite quantum state is pure since, in that case, the quantum and classical correlations are both equal to S A (see the illustration in Fig. (1) ). It is interesting to interpret the discrepancy in terms of classical and quantum Maxwell demons [14, 15] . Quantum demons have the ability to extract more work from correlated systems, in comparison to their classical counterpart, since they have access to nonlocal observables. The difference of their efficiencies is given by the quantum discord which, so, is always positive. The discrepancy compares this gain with the efficiency of classical demons. If the gain given by the use of global operations do not exceed the work extracted by the local ones, the discrepancy is positive, and it is negative otherwise. In that case, EOF is monogamous as we will see bellow. So, in this sense, the discrepancy can be seen as a gain of information when global operations are employed in contrast to local ones. Indeed by writing ∆ ← AB = I AB − 2 [S(A|B) − S q (A|B)], where S(A|B) is the conditional entropy and S q (A|B) = min {Π k } k p k S A|k , clarifies the meaning of this interpretation.
We can yet compute the discrepancy ∆ and relates the balance between the classical and the quantum correlations to the balance of the entanglement and the mutual information. In fact I AC /2 is a lower bound to the entanglement of purification [17] and so, whenever the EOF is smaller than that, the information gain on using global operations does not exceed the information acquired with local operations only. Finally, the discrepancy also follows a conservation relation -Observing the discrepancy as a function of the EOF and the mutual information, and noting that these quantities are symmetric, i.e. E AC = E CA and I AC = I CA , we obtain
This equality means that in a pure tripartite joint system the discrepancy of the correlations established with a particular system is constant under a permutation of the complementary subsystems, or that the gain of information on using global operations over local operations is constant under permutation of the complementary subsystems. This fundamental aspect is general, valid for any tripartite pure state, and rules how the classical and quantum correlations are distributed among the parties. Given the definitions above we now discuss on the condition for a monogamous distribution of EOF through the system. We begin by using the conservation law for distribution of EOF and QD [8] 
being E ij the EOF between subsystems i and j. Eq. (5) can be rewritten in a different form by considering the EOF between A and the joint system BC. Since the tripartite system is pure, we have that E A(BC) = S A , the von Neumann entropy of the subsystem A. Thus, we can write the relation for distribution of the EOF as
where the EOF tangle τ A is identified as
Although the above equation already gives the required tangle of the EOF, it does not elucidate the operational meaning of τ A , which is apparent when we relate it to the classical correlation. Substituting Eq. (2) into Eq. (7), we find that τ A = J ← AB + J ← AC − S A , which combined with Eq. (7) results in
This equation shows that the EOF tangle is the average of the correlation discrepancy, thereby giving the unbalance between the classical and quantum correlation. The EOF tangle written in such a form provides the desired operational interpretation in terms of the quantum and classical correlation balance. Moreover, based on this result, it is straightforward to predict when the EOF tangle (Eq. (8)) is negative or not, i.e. Explicitly Eq. (9) tells that whenever the minimized quantum conditional entropies
, the EOF is monogamous. Note that each of the quantum conditional entropies is upper bounded by S A and so the above is a more restrictive bound. Thus whenever
EOF is not a monogamous measure and τ A is negative, meaning that the use of global operations gives a information gain which is larger than the information acquired with local operations only.
PERMUTATION INVARIANT TANGLE AND APPLICATIONS
One can note that the EOF tangle is not invariant under permutations of the subsystems, once
, in contrast to the concurrence tangle [1] . The reason for that is simple since the EOF tangle is not a measure a genuine tripartite entanglement, being a measure of the gain on using global operations over local ones instead. The different τ A , τ B and τ C are related to difference instances where the local operations are made. To define an invariant quantity and an essential measure of the global gain in the triple, we use the sum of the distinct EOF tangles. To calculate the sum of the EOF tangles, we use the notation in terms of the flow of quantum correlation [9] , defined as
and the flow of classical correlation
In Eqs. (11) and (13) the correlations between pairs are computed sequentially as A → B → C, i.e., for the tripartite system ABC, we start by doing measurements on A to infer the correlations (quantum and classical) between A and B, then we measure B to infer the correlations between B and C, and finally we measure C to infer the correlations between C and A, representing a clockwise, L and J , flow of information. Reversely, the computation of the correlations in Eqs. (12) and (14) for the sequence C → B → A represents a counterclockwise flow. We now recall a result given in our previous work [9] . For a general tripartite pure state, L = L , and thus through Eq. (1) together with the fact that the mutual information is symmetric, I ij = I ji , it is straightforward to prove that J = J . So we can write the sum of the EOF tangle as,
where
AC . This equation proves that the flow of the locally accessible information (classical correlation) minus the flow of the inaccessible information (quantum discord), or the clockwise flow of discrepancy, is equal to the sum of the EOF tangle. Indeed τ ABC is positive whenever the information gain through the usage of global operations is not larger than the information acquired with local operations on every party. It is important to remark that this feature is general and valid for arbitrary tripartite pure states.
As an example, we calculate τ ABC for many states belonging to the two inequivalent families of three-qubits entangled states, called GHZ and W, that can not be converted into each other by local operations and classical communication [19] :
For the GHZ state defined by Eq. (16), it is direct to show that τ ABC > 0, because the QD between any bi-partition is always zero. For θ = φ, we have that τ ABC = 1. For the W state, Eq. (17), the situation is quite different because J ← ij = δ ← ij = 0 and τ ABC = −0.546, when α = β = γ. In fact, we can show that τ ABC < 0 for any W state written in the form described in Eq. (17) . To prove this, we present an analytical computation of the EOF tangles τ A , τ B and τ C for an arbitrary three-qubit state. We begin by using the definition of the discrepancy as a function of the EOF and the mutual information, ∆ ← AB = I AC − 2E AC . For the W state, the EOF and the mutual information for any bipartition, AB, BC, and CA can be easily computed and depend only on the modulus of α, β, and γ, where α = sin(θ) cos(φ), β = sin(θ) sin(φ), and γ = cos(θ). In Fig. (2) , we show τ ABC as a function of θ and φ and we observe that the EOF tangle is always negative for all W state described by Eq. (17) . Therefore, we can understand the signal of τ as specifying which type of tripartite entanglement we have, W or GHZ.
FIG. 2: (Color Online)
We numerically evaluate the minus EOF tangle −τABC as a function of θ and φ, where both angles defined completely a W state. One can notice that the EOF tangle is always lesser than zero for different W states.
We now extend the computation of the EOF tangle for a tripartite pure state with dimension 2 × 2 × N . This system is particularly interesting since it allows to characterize how a two-qubit system becomes entangled with an environment. We can rewrite Eq. (15) as
The main obstacle to calculate τ ABC is to determine the four elements ∆ 
SUDDEN DEATH OF ENTANGLEMENT
To exemplify we examine how two qubits evolve when coupled to two independent environments at zero temperature acting as amplitude damping channels. The effective system in question has a minimum dimension of 2 × 2 × 4 and, as exposed above, τ ABC can be trivially calculated. The model Hamiltonian can be written as
k being the coupling constant, ω 
Hereafter, the Einstein convention sum is adopted. Moreover, we suppose that the environments are represented by a bath of harmonic oscillators, and the spectral density is of the form
where λ is connected to the reservoir correlation time τ B by the relation τ B ≈ 1/λ, and γ 0 is related to the time scale τ R over which the state of the system changes, τ R ≈ 1/γ 0 .
FIG. 3: (Color Online)
The EOF dynamics between the qubits and the τABC dynamics. The parameter adopted for the initial state in (a) a = 1/ √ 3, while in (b) we use a = 2/3. We suppose a strong coupling in both cases with λ = 0.01γ0.
In Fig. 3 (a) we consider an initial Bell-like state: |ψ = a |00 + √ 1 − a 2 |11 , with a = 1/ √ 3, which is a typical situation where the entanglement sudden death (SDE) phenomenon [20] occurs. On the other hand, in In Fig. 3 (b) we consider the non-Markovian regime with a = 2/3 and one can see that the EOF goes to zero only for some discrete values of time. In contrast for a Markovian dynamics this last initial situation would not show the ESD phenomenon. We see in both Figs. 3 (a) and (b) that the tangle τ ABC quickly becomes positive, meaning that the environment induces the global state to converge in one state that satisfies the monogamic relation. This characteristic occurs because the QD tends to decay while the classical correlation tends to be stable, at least after the transition where the classical correlation becomes greater than the quantum one. More importantly, we might establish a connection between the ESD phenomenon and the balance of classical and quantum correlations. To understand this characteristic, we must revisit Eq. (6) . When the entanglement between AB vanishes, the entanglement between the qubit A and the environment must be equal to E A(BC) + τ A . Moreover, if the EOF does not suddenly disappears, E AB = 0 just when E AC = E A(BC) since the system AC is pure and thus τ A must vanish. In other words, in this situation the entanglement suddenly disappears when the discrepancy in the global system (qubits plus environment) is zero, or when the information gain in using global operations is equal to the information acquired by using local operations in B and C only.
MIXED TRIPARTITE STATES AND THE SQUASHED ENTANGLEMENT
To finalize we sketch an extension for a tripartite mixed state. The EOF tangle can be positive or negative corresponding respectively to the GHZ or W entanglement. In a mixed state, the ensemble may have elements of both families and our aim, in defining a tripartite measure, must be minimizing these two components over all the ensembles. For this purpose, we define two quantities
for any pure tripartite state |ψ . In this way, these measures accounts for the amount of GHZ and W entanglement in |ψ , Also, they are mutually exclusive in the sense that, if one is greater than zero, the other is zero. Therefore, for mixed, we can define τ as
where the minimization goes over all ensembles E such that ρ = i p i |φ i φ i |. Now we discuss an issue related to mixed states with more general relevance for entanglement theory. It is known that under some special conditions the EOF is equivalent to the Squashed Entanglement (SE) [18] , a monogamous entanglement measure [16] , but it is not clear that all the monogamous distribution of EOF is related to the SE as well. To investigate this relation we note that SE is defined as
where K is the set of all density matrices ρ ABC : ρ AB = T r C ρ ABC , and S(A : B|C) is the conditional mutual information for the extended system ρ ABC . It is known that the SE is upper bounded by the EOF, E sq (ρ AB ) ≤ E AB . By Eq. (6) for a pure ABC system if EOF is monogamous,
and since S A = S(A : B) + S(A|B), we have 
and other distinct instances where
where we profited from the fact that the minimization over C does not affect the right-hand side of the inequalities. To simplify the discussion we can check what occurs to states saturating both (21) and (22). There the SE is always related not only to the EOF, but to the QD of the pair AB as well. Interestingly when the reduced state ρ AB is pure we recover the well known results that the SE is equal to the EOF. But that is also true when there is full permutation invariance on ρ ABC , δ ← AB = E AB , a fact not known previously. What is known is that when the set of states that minimize SE is constrained by states of the form ρ ABC = k |ψ k AB ψ k AB | ⊗ |k k|, it correspond to the ensemble minimization employed for the derivation of the EOF, and so the SE is equal to EOF. We see that this set corresponds to the states saturating both (21) and (22), only when there are total permutation invariance of ABC.
On a complementary side, when the EOF is not monogamic, E AB + δ ← AB + S(A|B) > S A , and we always get that for arbitrarily mixed states ρ ABC E sq (ρ AB ) < 1 2 (E AB + δ ← AB ) , never attaining equality.
DISCUSSION
To conclude we have discussed an important and simple question: what is the amount of entanglement between A and BC that cannot be accounted for by the entanglement of A with B and C separately? When the entanglement is measured by concurrence, CKW showed that this amount is always positive. On the other hand for the EOF can assume either positive or negative values, depending on the gain that global operations give over local operations. The reason for the negative signal of the EOF tangle, rather than being a failure of the accounting for a "residual entanglement", is clarified in terms of the discrepancy between classical and quantum correlations. We have demonstrated the necessary conditions for this EOF tangle to be positive by considering an arbitrary pure tripartite system. Furthermore, the discrepancy exhibits a conservative relation because one particular subsystem shares always the same amount of discrepancy with other complementary subsystems. This description allows the study of the EOF tangle for a three qubits system in a very simple manner. The EOF tangle is always negative for the W states family, while it is always positive for the GHZ states given by Eq. (16). Moreover, we described a simple numerical procedure to calculate the EOF tangle for an arbitrary tripartite system with dimension 2 × 2 × N , which enables the possibility of studying the EOF tangle between two qubits and an environment with N degrees of freedom. In this sense, by examining two qubits coupled to independent amplitude damping channels, we show that the ESD phenomenon is intimately connected to the discrepancy of the global system. We believe that this relation may allow a deep understanding of the distribution of entanglement and correlation in multipartite systems.
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Note added: While finishing this paper we became aware of related works [21] . There the authors relate the EOF monogamy with the QD monogamy.
